The influences of Hall and ion-slip currents on peristaltic transport of Johnson-Segalman fluid in an asymmetric channel are investigated theoretically and graphically. The problem is formulated using a perturbation method. The solutions have been derived for axial velocity, axial pressure gradient and pressure rise. It has been noticed that the axial pressure gradient is not affected by increasing any of Hall or ion-slip parameters, while the time average flux decreases by increasing any of them. The effects of various emerging parameters on the axial pressure gradient and the pumping characteristics are discussed and plotted.
Introduction
Peristaltic pumping is a special kind of transport, in which, physiological fluids may be pumped from one place in the body to another place. Peristaltic motion flows attracted the attention of many researchers because it is widely observed in industry and biology. Intense research on peristalsis has been done and is still demanded because of its useful applications. Such applications include enhanced oil recovery, chemical processes such as in distillation towers and fixed-bed reactors, urine transport from kidney to bladder through the ureter, transport of lymph in the lymphatic vessels, swallowing food through the esophagus, the movement of chyme in the gastrointestinal tract, ovum movement in the fallopian tube, transportation of spermatozoa in the ductus efferentes of the male reproductive tracts, in the vasomotion of small blood vessels, in sanitary fluid transport, and blood pumps in heart lung machine. In addition, peristaltic pumping occurs in many practical applications involving bio-mechanical systems. The peristaltic flows can be divided to Newtonian and non-Newtonian flows that have been reported analytically, numerically, and experimentally by a number of researchers [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] . Although most prior studies of peristaltic transport have focused on Newtonian fluids, there are also studies involving nonNewtonian fluids [12] [13] [14] [15] [16] [17] [18] [19] [20] i.e. fluids in which the relation between shear stress and shear rate is not linear.
The Johnson-Segalman fluid is one of the developed models to predict non-Newtonian effects. This model is a viscoelastic fluid model which was developed to allow for non-affine deformations [21] . Some investigations [22] [23] [24] have studied this model to explain the phenomenon of spurt. The term spurt is used to describe the large increase in the volume throughout for a small increase in the driving pressure gradient at a critical pressure gradient. Hayat et al. [16] examined the peristaltic flow of a magnetohydrodynamic JohnsonSegalmann fluid for planner channel and found the perturbation solutions and general solutions using symmetry method. Elshahed and Haroun [25] studied the peristaltic transport of Johnson-Segalman fluid under the effect of magnetic field. Haroun [26] considered the peristaltic flow of an inclined asymmetric channel for fourth grade fluid. Srinivas and Pushparaj [27] discussed the non-linear peristaltic transport in an inclined asymmetric channel. Hayat et al. [28] investigated the peristaltic transport of a Johnson-Segalman fluid in an asymmetric channel. Reddy and Raju [29] studied the non-linear peristaltic pumping of Johnson-Segalman fluid in an asymmetric channel under the effect of a magnetic field. Abo-Eldahab et al. [30] [31] investigated the effects of Hall and ion-slip currents on magnetohydrodynamic peristaltic transport and couple stress fluid.
The aim of this paper is to investigate the effect of Hall and ionslip currents on peristaltic transport of a Johnson-Segalman fluid in an asymmetric channel. We introduce the governing equations and boundary conditions as mentioned below. The perturbation solution for small Weissenberg number is mentioned below. Numerical results, discussions and conclusions are also mentioned below.
Problem Formulation
Consider the peristaltic flow of an incompressible JohnsonSegalman fluid in a two dimensional infinite asymmetric channel of width d 1 +d 2 . The asymmetry in the channel is produced by assuming the peristaltic wave train on the channel walls traveling with the same speed c but with different amplitudes and phases as shown in Figure 1 ; The walls of the channel are defined as
Where a 1 , a 2 are the amplitudes of the upper and lower waves, λ is the wave length, θ is the phase difference and t is the time. Note that θ = 0 corresponds to an asymmetric channel with waves out of phase and θ = π describes the case where waves are in phase. Further, d 1 The fundamental equations governing the flow of an incompressible Johnson-Segalman fluid together with the generalized Ohm's law taking the effects of Hall and ion-slip currents, and Maxwell's equations into account are: 
where, V is the velocity vector, ρ is the density of the fluid,
is the material derivative, τ is the Cauchy stress tensor, J is the current density, B is the total magnetic field, E is the total electric field, σ is the electric conductivity, µm is the electric permeability, and , βi is the ion-slip parameter, and βe is the Hall parameter. Further, P is the pressure, µ and η are the dynamic viscosities, m is the relaxation time, e is the slip parameter and D, W are the symmetric and skew symmetric part of the velocity gradient, respectively. It should be noted that this model includes the viscous Navier-Stokes fluid as a special case for m = 0. Further, when e = 1 the Johnson-Segalman model reduces to the Oldroyd-B fluid; and when µ = 0 and e = 1, the model reduces to the Maxwell fluid. It is assumed that there is no applied or polarization voltage so that E = 0. Now we assume that a magnetic field B = (0, 0, B 0 ) with a constant magnetic flux density B 0 is applied orthogonal to the channel. Neglecting the induced magnetic field under the assumption that the magnetic Reynolds number is small, we get from (6) 
Following Shapiro et al. [32] we introduce a wave frame of reference (x, y) moving with velocity c in which the motion becomes independent of time when the channel is an integral multiple of the wavelength and the pressure difference at the ends of the channel is a constant. The transformation from the fixed frame of reference (X, Y) to the wave frame of reference (x, y) is given by
Where (u, v), p and (U, V), P are the velocity components and pressure in the wave and fixed frames of reference respectively.
The governing equations in a wave frame of reference are given by 
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Introducing the following non-dimensional variables into equations (13)- (18) and dropping the stars we get; 
Assuming that the wavelength is long and since the Reynolds number is low, then the equations (21)- (25) become 
Using (28) and (30) in (29) we get 
Rate Of Volume Flow
The volume flow rate in wave frame of reference is given by The instantaneous volume flow rate in the fixed frame is given by The time-mean flow over time period T= λ/c is given by
Method Of Solution
It is not possible to get an exact solution for equation (32) because, it is a nonlinear differential equation, so we focus our attention to find analytical solution by using the perturbation method. By expanding the flow quantities in a power series of the small parameter 2 i W as follows:
i i dp dp dp
Substituting from (40)- (42) into (32) and (34) and collecting terms according to powers of W i and identifying the coefficients of like powers of W i we obtain the following systems.
Zeroth-order system
The corresponding boundary conditions are 
Zeroth-order solution
The general solution of (43) can be easily obtained in the form
By using (44) we find that the constants A 1 and A 2 take the forms
The volume flow rate q 0 is given by
From (49) we can write 
substituting from (50) and (59) 
The dimensionless pressure rise per one wavelength in the wave frame is defined as
Results and Discussion
This section represents the graphical results in order to be able to discuss the quantitative effects of the sundry parameters involved in the analysis.
The variation of the axial pressure gradient dp dx with x for various values of W i , Γ, β e , and β i are shown in Figure 2 . Figure (2a ) studies the effects of Weissenberg number W 1 on the axial pressure gradient dp dx , and it is noticed that the axial pressure gradient increases by increasing Weissenberg number. Further it is observed that the axial pressure gradient is more for Johnson-Segalman fluid (0 < W i < 1) than that of Newtonian fluid (W i = 0). Figure (2b) shows the variation of the axial pressure gradient dp dx with viscosity ratio Γ. It is clear that the axial pressure gradient increases with an increase in viscosity ratio. In Figures (2c) and (2d) it is obvious that the axial pressure gradient has not affected by increasing the Hall and ion-slip parameters. Figure 3 illustrates the variation of the axial pressure gradient dp dx with x for different values of θ, φ 1 Figure  (3a) ), and also decreases by increasing the width of the channel d (Figure (3d) ). The situation is reversed in Figures (3b) and (3c), the axial pressure gradient is increased with an increase in φ 1 and φ 2 .
In Figure 4 we studied the variation of time average flux Q with Δp for different values of θ, β e , β i and Γ. Figure (4a) declares that the time average flux Q decreases by increasing the phase shift θ in both co-pumping (Δp < 0) and free pumping (Δp = 0), while it increases by increasing the phase shift θ in the pumping region (Δp > 0). Figures  (4b) , (4c), (4d) reveal that, the time average flux Q decreases by increasing the Hall parameter β e (Figure (4b) ), the ion-slip parameter β i (Figure (4c) ), and the viscosity ratio Γ (Figure (4d) ) in each of the three regions. 
Conclusions
In the present paper, the effects of Hall and ion-slip currents on the peristaltic transport of a Johnson-Segalman fluid in an asymmetric channel under assumptions of a constant external magnetic field, low Reynolds number, and long wavelength are investigated. The governing equations are first modeled and then solved analytically. The effects of various emerging parameters on the axial pressure gradient and time average flux are observed from the graphs. The results are summarized as follows:
The axial pressure gradient dp dx increases by increasing any of Weissenberg number W i , viscosity ratio Γ, and upper or lower wave amplitudes φ 1 or φ 2 .
The axial pressure gradient dp dx is not affected by increasing any of An increase in the phase shift θ decreases the time average flux Q in the co-pumping and free pumping regions and increases it in the pumping region.
The time average flux Q increases by increasing any of upper or lower wave amplitude ( φ 1 or φ 2 ), and the width of the channel d in the co-pumping and free pumping regions and it decreases by increasing them in the pumping region.
